Measurements of the cluster abundance as a function of mass and redshift provide an important cosmological test that probe not only the expansion rate but also the growth of perturbations. In this paper we adopt a scalar field scenario which admits both thawing and freezing solutions from an appropriate choice of the model parameters and derived all relevant expressions to calculate the mass function and the cluster number density assuming the well-known Sheth-Torman formalism. We discuss the ability of cluster observations to distinguish between these scalar field behaviors and the standard ΛCDM scenario by considering the eROSITA and SPT cluster surveys.
I. INTRODUCTION
Nowadays, one of the most important tasks in Cosmology is to unveil the nature of the mechanism responsible for the current cosmic acceleration. From the observational viewpoint, the cosmological constant Λ, i.e., the sum over the vacuum energy density of all fields in Nature, remains as the favorite candidate for explaining this phenomenon, but because of its theoretical issues (e.g. fine tuning and cosmic coincidence problems [1] ), many alternative mechanisms have been proposed (see [2] for recent reviews).
Among these, a very light, minimally coupled scalar field φ whose evolution is driven by the slope of the potential V (φ) and damped by the cosmic expansion H according to the Klein-Gordon equationφ + 3Hφ = −dV /dφ, is the most extensively studied dark energy case [3, 4] . In terms of its potential or still of its equation-of-state (EoS) parameter, w φ (φ,φ, V ), these dark energy fields can be broadly classified into two categories: thawing models whose EoS increases from w φ ∼ −1, as the field rolls down toward the minimum of its potential withẇ φ > 0 and cooling scenarios in which an initial w φ > −1 EoS decreases to more negative values withẇ φ < 0. A special case of the latter is the so-called freezing models, in which the potential has a minimum at φ = ∞ [5] . Examples of thawing-type scenarios are a pseudo NambuGoldstone boson V (φ) = M 4 cos 2 (βφ) [6] and exponential potentials for dilaton fields V (φ) = M 4 exp(−αφ) [7] (see also [6] ) whereas the freezing behavior is found in models of the type V (φ) = M 4+n φ −n and V (φ) = M 4+n φ −n exp(βφ 2 ) for n > 0 [8] . Distinguishing among these (and other) physical features of the dark energy potential from cosmological data constitutes an important approach to the cosmic acceleration problem, not only because it may indicate possible routes of solutions but also because it will reduce considerably the range of possibilities. In this regard, mea-surements of the cluster abundance as a function of mass and redshift are coming up with the potential to improve current constraints on cosmological parameters [9, 10] , including the dark energy EoS, the rms mass fluctuations, the matter density parameter, the total neutrino masses, etc. These data have the advantage of probing both the expansion rate and the growth of perturbations, thereby being complementary to other cosmological probes such as the Comic Microwave background (CMB) anisotropies, observations of type Ia supernovae and measurements of baryon acoustic oscillations (BAO) .
In what follows, we investigate to what extent galaxy cluster number counts can be used to distinguish the thawing and freezing behaviors discussed above (see also Sec. II) as well as between these dynamical scenarios and the standard ΛCDM model. In our analysis, we consider the scalar field model discussed in Ref. [11] which admits both solutions from an appropriate choice of the model parameters. Keeping the range of cosmological parameters within the allowed region by the current observations and considering two specific cluster surveys, namely eROSITA and SPT, we calculate the number density of cluster and the redshift distribution of cluster number counts for this scenario and discuss the ability of these observations to distinguish between the thawing and freezing behaviors.
II. BACKGROUND COSMOLOGY
We consider a flat Friedmann-Lamaître-RobertsonWalker universe driven by a non-relativistic matter (baryonic and dark) which clusters under the action of gravity and a scalar field responsible for the current cosmic acceleration whose conservation equation takes the formρ
where
2 + V (φ) are, respectively, the scalar field pressure and energy density and a dot denotes derivative with respect to time. The above equation can also be written as
where a is the cosmological scale factor. In Ref. [11] , the following ansatz on the scale factor derivative of the energy density was introduced:
where α and λ are arbitrary parameters. When combined with the definitions of p φ and ρ φ mentioned above, Eqs.
(1)- (3) provide (for details, see [11] )
and β = 8πG/λ. It has been pointed out by the previous studies of this model that in the limit of α → 0 the potential (4) reproduces the exponential potential studied in Refs. [7, 12] whereas for all values of α = 0, it is dominated by the quadratic contribution φ 2 , admitting a wider range of solutions. Once the form of potential is obtained, one can easily check the behavior of field evolution through the equation of state parameter
An important point about the above ansatz (3) is that with an appropriate choice of the parameters λ and α, one can obtain thawing and freezing behaviors for the EoS parameter above, which will be essential for the cluster analysis discussed in Sec. IV. Fig.(1) shows the evolution of w φ (a) for some specific values of α with a fixed value of λ = 10 −1 . From the figure, one can easily observe that values of α > 0 and α < 0 correspond, respectively, to thawing and freezing behaviors of the scalar field model. It is worth mentioning that in the case of an increasing EoS parameter (thawing), the current cosmic acceleration is a transient phenomenon with the scalar field φ leading the Universe to a future decelerated phase whereas in freezing scenarios, the field drives the Universe to an eternal quasi-de Sitter phase. Without loss of generality to the subsequent analyses, from now on we particularize our study to the values of α within the interval [-0.3, 0.3] and λ = 10 −1 .
III. HALO ABUNDANCES
Assuming that cluster of galaxies are surrounded by a cold dark matter (CDM) halo we perform our analysis considering the abundance of CDM halos instead of cluster of galaxies. This CDM halo abundance is widely studied either through N-body simulation [13] [14] [15] or through a semi-analytical approach [16] [17] [18] [19] . Since our primary goal is to check to which level one can distinguish among the above mentioned scalar field models through the cluster number density, we adopt the semi-analytical approach of the spherical collapse model for our study of the structure formation.
A. Non-linear and Linear Matter Evolution
The main ingredients for studying the cluster number density are the critical density contrast δ c (z) at the collapse point, above which structure collapses, and the growth factor, D(a) = δ(z)/δ(0). In order to calculate these quantities, we assume that the dark matter and dark energy components are uncoupled (except gravitationally) and study the non-linear evolution of matter perturbation by adopting a spherically over-dense region of radius r numerically. This over-dense region follows the Raychaudhuri equation;
where ρ φcl and ρ mcl are, respectively, the dark energy and dark matter densities of the cluster. However, on scales smaller than the horizon, one can assume that the dark energy component is smooth and homogeneous, so that ρ φ = ρ φcl . Therefore, we study fluctuations on the cold dark matter only. Following [17] [18] [19] , we normalize the Friedmann equation along with Eq.(6) at the turn around time after introducing the variables x = a at and y = r rt , i.e.,
where the subscript t denotes the turn around time and ζ(z) = (ρ cl /ρ b )| x=1 represents the overdensity at turn-around time. We determine ζ(z) by solving (7) and (8) simultaneously using the boundary conditions dy/dx| x=1 = 0, y| x=1 = 1 and y| x=0 = 0. Once ζ is known, we can evaluate the linear density contrast at the time of collapse point δ c as a function of redshift using (7), (8) and the linear growth factor, D(z):
Here, the linear growth factor D(z) is obtained by solving the linearised evolution equation of matter Eq (6), written in term of δ =
with the initial conditions, δ(a) → a and dδ/da → 1 at a → a i = 10 −3 (for details we refer the reader to [17, 18] ). Another approach to calculate the extrapolated linear density contrast δ c as a function of collapse redshift has been discussed in [20] . Both approaches are found to be in agreement with each other. In Fig. 2 , we depict the linearly extrapolated density contrast at the collapse point δ c (z) as a function of collapse redshift for different time-evolution of the EoS (5). We consider values of α = −0.3 (freezing) and α = +0.3 (thawing) and also show the well-known ΛCDM prediction (solid black line). As expected, all the models considered asymptotically approach to the Einstein-de Sitter limit at high-z.
B. Cluster Number Counts
Cluster number count is considered to be the most immediate effect on cosmic structure when different cosmological models are considered. In what follows, we calculate the comoving number density of collapsed objects within a mass range between M and M + dM at a particular redshift z, given by
where ρ m is the comoving background density and f (σ) is the mass function. Recently, a large number of analysis have focused on developing fitting formulas of f (σ) based on fits to simulated data (see, e.g., [21] [22] [23] [24] [25] [26] ). However, they differ mainly on the high mass end. In this work, we adopt a modified form of Press-Schechter [27] mass function f (σ) proposed by Sheth and Tormen in Ref. [28] , which is widely studied and reasonably in agreement with the numerical simulations, i.e.,
with A = 0.322, a 1 = 0.707 and p = 0.3. σ(z, R) represents the mass variance of the linear density field smoothed out by a top hat filter on a comoving length scale R and extrapolated to redshift z where the halos are identified. It is given by
where W (kR) = 3 (sin(kR) − kR cos(kR)) /(kR) 3 is the Fourier transform of spherical top-hat filter. P m (k, z) = Ak ns T 2 (k)D 2 (z) represents the matter power spectrum where a standard power law of the primordial density fluctuation is being used with its overall normalization factor A and tilt n s , respectively. The growth factor, D(z), obtained from Eq. (10), is normalized at the present epoch. For the transfer function, T (k), we use Eisenstein and Hu transfer function [29] . Generally, the amplitude of the matter power spectrum is normalised using the mass variance calculated today on a scale of 8Mpch −1 . However, we follow the normalization procedure of [30] in which the WMAP results are used [31, 32] . Since we are mainly interested in differences of the predicted cluster number counts from thawing and freezing models, we put a flat prior on the cosmological parameters according to WMAP-9+BAO+H0 best fit values [32] Once the number density per unit mass dn(M, z)/dM is known, it is easy to obtain the number of clusters per redshift interval dz above a given minimum (threshold) mass M = M min as
(14) where f sky is the observed sky fraction and dV dz is the comoving volume element which depends on the background cosmology. The effect of cosmology enters through the mass function and the volume element whereas the minimum mass limit, M min , and the fraction of sky, f sky , will be set according to the cluster surveys. The abundance of galaxy clusters is also sensitive to the matter density, Ω m0 , and to the amplitude of density fluctuations, σ 8 . In the next section, we discuss the results obtained from the studies of the cluster number density and the redshift distribution of cluster number counts per unit redshift for the thawing and freezing behaviors of the scalar field model discussed in Sec. II.
IV. DISCUSSION AND RESULTS
In order to check at which level one can distinguish between these two scalar field behaviors, we plot the predicted difference in the cluster number density as a function of the cluster mass M at redshifts z = 0, 0.5 and 1 (Fig. 3a) . Clearly, this difference becomes more significative at higher-z and for more massive clusters. At M = 10 13.5 M ⊙ h −1 , for instance, it varies from 0.25% up to 0.75% between z = 0 and 1, whereas for the same redshift interval and M = 10 14.5 M ⊙ h −1 , the predicted difference between thawing and freezing models varies from 1.5% to 5%.
In Figs. 3b and 3c , we compare the cluster number density of both freezing and thawing scalar fields with the one predicted by the standard ΛCDM model. For lower mass clusters, the three behaviors are indistinguishable at z = 0 (Panel 3b) and very similar at z = 1 (Panel 3c). A clear distinction in behavior is seen for more massive clusters. At z = 1, the difference between the predictions of freezing scenarios and the standard model is ≃ 4% for M = 10
14 M ⊙ h −1 and only 1% between thawing scenarios and the ΛCDM model. Such a result can be understood in terms of the behavior of the EoS for thawing models which evolve more closely to w = −1 than freezing scenarios (see Fig. 1 ).
From Eq. (14), we can also predict the cluster number distributions expected to be detected in a particular cluster survey. Clusters are detected through the SunyevZel'dovich effect (SZ) and X-ray flux surveys, via weak or strong lensing surveys and optical surveys. To relate the survey properties to the extent in mass and redshift space of the resulting cluster catalogue, it is necessary to link the mass and redshift of an individual cluster to the relevant observable, namely X-ray flux or SZ flux. This is done through realistic scaling relations, which depends on the cluster physics as well as on the nature of surveys (see [33, 34] for a detailed discussion), since the limiting mass M min (z) of any survey depends on the limiting flux of that particular survey. Here, we follow the method described in [30, 33] 2.0] KeV. The South Pole Telescope (SPT) SZ survey is an ongoing survey which has a sky coverage of ∼ 4000 deg 2 (corresponding to a fraction f sky ≈ 0.097) with a limiting flux density f ν0,lim = 5 mJy at the frequency ν 0 = 150 GHz. Figure 4 shows the expected redshift distribution of clusters with the limiting halo masses,
is the mass calibrated using the cluster scaling relations described in [30, 33] . For numerical simplification, we place the maximum mass limit of M max = 10 16 h −1 M ⊙ . Considering the eROSITA specifications above we find a difference of ∼ 2000 clusters at z ≃ 0.6 between thawing and freezing models, which is four times larger than the estimated eROSITA uncertainty, ∆N ≃ 500 clusters [35] . This clearly points to a real possibility of distinguishing between these two behaviors with current planned surveys. Another interesting result arises when we compare these scalar field models with the standard ΛCDM case. We find a difference in the number of clusters of ∼ 2900 and ∼ 4700 between thawing/ΛCDM and freezing/ΛCDM, respectively, which is ≃ 6 − 9 times larger the survey precision.
In the case of SPT, we find that the difference between the theoretical predictions of these two scalar field scenarios is ∼ 140 clusters at z ≃ 0.56 which is in the limit of the survey precision, i.e., ∆N ≃ 100−150 clusters [36] . When compared with the ΛCDM model, the largest predicted difference in cluster number counts is ∼ 224 and ∼ 360 at z ≃ 0.4 for the thawing and freezing scenarios, respectively.
V. CONCLUSIONS
Thawing and freezing scalar fields are realistic candidates for dark energy. In terms of the field dynamics, while the former has been frozen until the onset of cosmic acceleration, when it starts to roll down towards the minimum of its potential V min (φ), the latter was already rolling to V min (φ) at that time and dominates the Universe as it slows down. From the theoretical viewpoint, both behaviors have important implications for the cosmic evolution, with thawing potentials driving the Universe to a transient accelerating phase while freezing models to an eternal quasi-de Sitter expansion.
In this paper we have adopted a specific scalar field model (Eq. 4), which admits both thawing and freezing solutions with an appropriate choice of the parameter α, and discussed the possibility of current and planned survey distinguishing these two behaviors through observations of cluster number counts. Adopting the spherical collapse model, we have studied the structure formation in these scenarios and derived all relevant expressions to calculate the mass function and the cluster number density using the Sheth-Torman formalism. We have found that the cluster counts predictions of the ΛCDM and thawing models are very similar, which make this latter class more difficult to be distinguished than freezing ones.
By considering eROSITA and SPT surveys, we have also calculated the theoretically expected cluster redshift distribution for cluster halos size (Fig. 4) . From our analysis, we have found that, while SPT would not be able to distinguish between thawing and freezing models, the more precise eROSITA observations have the potential not only to discriminate these two scalar field behaviors but also to differentiate them from the standard ΛCDM model.
